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The hidden symmetry approach (HSA) together with the operator product
formalism (first applyied by Zamolodchikov) [1] and the Drinfeld-Sokolov (D-S)
reduction procedure to the degree of freedom of a theory whose structure is based
on a Lie algebra [2] – [4] are used for construction of higher spin extension of the
Virasoro algebra. A complete list of references can be found in the Bouwknegt
and Schoutens Review [5]. We recall, that the HSA consist of searching for an
additional symmetry for some two-dimensional conformal invariant action provid-
ing additional conserved quatities. Moreover, the HSA allows us to gauge this
extended symmetry [6] –[8].
In the present talk the HSA is applyied to WZNW model and nonabelian
free fermionic model (NAFF). This allows us to check the Witten’s nonabelian
bosonisation procedure [9] on the higher spin symmetry level. It is shown that
both WZNW model and the NAFF model admit higher spin extension of the
semidirect product of the Virasoro algebra and the affine algebra. Despite the
fact, that both extended algebras are isomorphic, the higher spin WZNW Noether
currents form nonivariant space, while the space of the NAFF currents is invariant.
This shows that there is some nonequivalence between the WZNW model and the
NAFF model on the higher spin symmetry level.
The higher spin conserved currents for both models are:
V2n = ψ∂2n+1z ψ, V
n = tr
(
∂g−1∂n+1g
)
, (1)
J na = ψta∂
n
z ψ, J
n
a = tr
(
∂g−1∂ngta
)
, (2)
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where (n = 0, 1, . . .), V 0 = Tzz, J
0
a = Ja and z is a complex variable. We
restrict our considerations only with the holomorphic components ∂z¯V = 0 ,
having in mind that the antiholomorphic components have a similar form and we
shall concerned with the SO(N) and GL(N) models only.
It is easy to show that the currents (1), (2) are consequence of the symmetry
of the action with respect to the following transformations [10], [11] (see also [12]):
δnΦ = kn(z)∂
n+1Φ, (3)
δ̂nΦ = αan(z)∂
n+1Φta, (4)
where k(z) and α(z) are arbitrary holomorphic functions, Φ = (ψ, g) and ta are the
generators of GL(N) group in the fundamental representation. We note, that the
generators ta for SO(N) models must be completed to the generators of GL(N)
group.
We note, that the transformations (3), (4) are only an on-shell symmetry
of the action. For the WZNW model there exist nonlinear off-shell symmetry
transformations also which, however, do not form closed algebra in the affine
sector.
It is easy to check that the infinitesimal transformations (3), (4) satisfy the
following Lie algebra:
δm(k), δn(h)!Φ(x) =
max(m+1,n+1)∑
r=0
δm+n−r+1
(
hn, km!
r
−
)
Φ(x) (5)
δm(k), δ̂n(βˆ)!Φ(x) =
max(m+1,n)∑
r=0
δ̂m+n−r+1(βˆ, k!r−)Φ(x). (6)
δ̂m(αˆ), δ̂n(βˆ)!Φ(x) =
max(m,n)∑
r=0
(
δ̂m+n−rc (f
c
abβ
b, αa!r+tc) + δ̂
m+n−r(dcabβ
b, αa!r−tc)
+2δm+n−r(βa, αa!
r
−)
)
Φ(x),
(7)
where the following notations are used
2[βn, αm]
r
± =
(
n
r
)
βn∂
rαn ±
(
m
r
)
αm∂
rβn (8)
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and it is taken into account that the binomial coefficients
(
m
r
)
= 0 for r > m.
This algebra contains as subalgebras the Virasoro algebra, the W∞ algebra, semi-
direct product of the Virasoro and the affine algebras. However, as whole the
algebra (5)-(7) is not a semi-direct product of the W∞ and the higher spin affine
algebra which follows from (7).
It is strightforward to derive the transformation law for the fermionic currents
(1) under the transformations (3):
δmVn =
n+1∑
p=0
(
n+ 1
p
)
∂pkmV
m+n−p+1 − km
m+1∑
q=0
(−)m−q
(
m+ 1
q
)
∂qVm+n−q+2,
(9)
which show that the currents Vn form an invariant space with respect to the
transformations (3). On the same way it can be show that the currents Vn,J na
form invariant space with respect to the transformations (3) and (4) too. However,
this is not the case for the corresponding WZNW currents. Indeed, in this case
we obtain:
δmV n(x) = tr
(
∂(δmg−1)∂n+1g + ∂g−1∂n+1(δm+1g)
)
= −∂
(
kmtr
(
g−1∂m+1gg−1∂n+1g
))
+ kmtr
(
g−1∂m+1gg−1∂n+2g
)
+
m+1∑
r=0
(
m+ 1
r
)
∂rkmtr
(
∂g−1∂m+n−r+2g
)
,
(10)
where we use the transformation law for g−1:
δmg−1 = −g−1δmgg−1 = −kmg
−1∂m+1gg−1, (11)
which satisfyies the same Lie algebra (5). In the case m = 1 corresponding to the
conformal transformations we find from (10)
δ0V n(x) = (n+ 2)∂k0V
n(x) + k0∂V
n +
n+1∑
r=2
(
n+ 1
r
)
∂rk0V
n−r+1, (12)
which shows that only for n = 0 we have a primary field transformation law and
for n > 0 we have quasi-primary transformation law.
We note, that in the general case m > 0 in the formula (10) there appear the
fourth order (with respect to g ) terms due to which the WZNW currents (1)
3
and (2) do not form an invariant space. It can be shown that in the general case
m > 0 it is impossible to reduce these higher degree terms into the bilinear ones
only. To check the latter statement we consider the first term in the second line
of (10) for the simplest notrivial case m = n = 1
tr{g−1∂2gg−1∂2g} = V 2 − ∂V 1 − tr{g−1∂g∂g−1∂2g}. (13)
It is impossible to express the last term in (10) as a linear combination of the
bilinear currents only. To clarify this observation we return to the transformation
law (3) (for g) from which we find (for km(x) = 1)
δm(δng) = δm(gUn+1) = δmgUn+1 + gδmUn+1
= g(Um+1Un+1 − Um+1Un+1 + Um+n+2) = δm+n+1g,
(14)
where
δmUn =
(
Um+n+1 − Um+1Un
)
(15)
and
Um = g−1∂mg, (m = 0, 1, . . .). (16)
The second term in (15) can be represented linearly with respect to U only if
m = 1. The formula (14) shows that the nonlinear term which appears in the
current transformation law (15) is canceld in the field transformation law. The
latter gives a possibility to close the algebra in linear realization in the case when
the corresponding currents space is noninvariant.
In order to have an invariant current space, according to (10) we must extend
the current space {V m;m = 0, 1, . . .} (which we call basic current space) with
additional nonlinear currents:
V n1,n2,...,nl = tr
(
Un1Un2 . . . Unl
)
, (l = 1, 2, . . .). (17)
Taking into accaunt that U0 = I and U1 = j = g−1∂g from (17) we obtain
V n1,...,nr,0,...,0 = V n1,...,nr if (r = 2, 3, . . .) and V n = V 1,n+1,0,...,0. It is stright-
forward to verify that the extended currents space {V n1,n2,...,nl} is invariant with
respect to the W∞-transformations (3)
δmV n1,n2,...,nl =
l−1∑
q=0
{
−kmV
n1,...,nq,m,nq+1,...,nl
+
nq+1∑
p=0
(
nq + 1
p
)
∂pkmV
n1,...,nq−1nq+m−p+1,nq+1,...,nl
}
.
(18)
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To have an invariant current space with respect to the extended affine trans-
formations too, we include symmetric isotopic tensor currents Jn1,n2,...,nla1,...,ap , (l, p =
1, 2, . . . ; p < l). For example the explicit form of the rank 2 tensor currents is:
J
n1,...,nl
a,b =
l∑
q,p=0,q 6=p
tr
(
Un1 . . . Unpta . . . U
nq tb . . . U
nl
)
. (19)
It is strightforward to check that the set of all tensor currents form an invariant
space.
The conformal spins for the currents (17) and (19) are
sl =
l∑
q=0
nq.
The currents V 1,n1,...,np are also Noether quantities which correspond to the fol-
lowing nonlinear transformations:
δ{n}g = k{n}gU
n1 . . . Unl . (20)
If n1 = n2 = . . . = nl = 1 these transformations coincide with w∞ transfor-
mations δlg = klgj
l+1 and the corresponding currents vl = tr(jl+2) form an
invariant space. In any other case the transformations (20) close a very wide al-
gebra containing (5) as a subalgebra. In the case nr 6= 0, 1 for any r = 1, . . . , p
the currents (17) are not Noetherian. This is the case for the currents (19) too.
We note, that the extended current space (19) is not invariant with respect to
the transformations (20) and hence in order to retain this invariance we must
complete (19) with currents including derivatives of U also. Consequently, this
procedure give an “explosion” of the W∞ algebra.
The invariance of the extended currents space (19) with respect to the trans-
formation (3) and (4) makes possible the gauging of the symmetries considered
here.
We note, that the above discussed nonivariances of the basic (Noether) cur-
rents space with respect to their generating transformations is a characteristic
property of the WZNW model, as well as of the principal chiral model. This is a
consequence of the transformation law for the field g−1 (11). This phenomenon
makes the difference between the O(N) free-fermionic model (see [11]) and the
corresponding WZNW model which are completely equivalent on the ordinary
symmetry level [9].
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